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Chapter 7: Limit of a sequence

1. Sequences:
A sequence isaset of numbers a,,a,,4a,,...... in adefinite order of arrangement and formed according

to adefiniterule.

Definition. 1 .A function of a positive integral variable, denoted by f(n) or a,,, wheren =1, 2,
3 isacalled asequence.

Each number in the sequenceiscalled aterm; a,iscalledthen®term. Threeusual notationsas
follows:

1 a,a,ag;

2 a,(n=123,...)

(3 {a,}

Ex.11: Thesequence{@,} isdefined inductively by

1 5
a, = 245,..., Anyg = E(a" +a—) (n=1,2,3,...... )

n

A, - VO .
Express LJ_ intermsof &, .Hencefind &, .
an+1+ S)
4a, ,-9
a, -2

n-

Ex.1.2:  Determinethen™term of the sequence a, =1, a, =

2. Limit of a Sequence

We always interest about the sequence asfor ‘large’ valuesof n. What are the ‘very distant’ members of
the sequence are like.

. 1
For instance, {1- ;} =0, = , =, e

For the above example, asn goes large, the term will tend to 1.
i.e. 1iscaled the ‘limit of the sequence’.

1
The sequences {1- =} =0, 2, 0, 2....has no such property. \ it hasno limit.
n

Definition 2.1 'Let {an}?;l be a sequence and L is afixed real number.

Then {a,}_, hasthelimitL asn tendsto infinity iff

["e>0$NT N st |a,-L<e " ,>N]
Wewrite a, ® L as n® ¥ OR r|}£@ﬂ;<’:ln:L
N.B.: (1) |a,-L|<e P -e<|a,-L<e
P L-e<a,<L+e

P wheretheopeninterval (L - €, L+ €) iscaled the €- neighborhood of
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the limit L.

€ - isarbitrary chosen, that isthee -neighborhood of L is not unique.
(2) N dependsone
(3) X, clustersaroundthee - neighborhood of alimit‘a’ of asequence
@ |a,- L<e, "n>N means |a,- L|<e

lanss - L<e, |ans - L|<e|...aredsotrue.

i.e. n> Nisusedto make surethat the tail of the sequence and it is of the sequence and it

is often to say “for sufficiently large of n”.

Ex. 2.1 Using the above definition to prove that

(@ lim =1

| 1 _
(b) |I®ﬁl,:\2+(— E) %—2

Classworks: (@) Provethatif 0< a <1, then Ii(gla”:O
n

(b) Provethatifa > 1, then @9/5:1
n

(c) Provethat Ii@r)’n % =0 whereC# 0, & p > 0 are constants.
n® ¥ n

sn—
(d) Provethat lim —2-=0
n® ¥ n

Definition 2.2 A sequence {an} ﬁ , iscalled aconstant sequence iff there is apositive integral number

[

st. a, =k forn3 np.
Forexample: C, ={2,2,2,...... }

C, ={-20,-10,5,4,1,1,1, 1, ...} areconstant sequences.

Definition 2.3 If asequence{ &, } hasalimit zero, then this sequence is called an infinitesimally small
quantity
ie lim a, =0 iff "e>0, ' NT N,st.n>N,st. |a,|<e

n

Theorem 2.1 lima, =L iff lim(a,-L)=0
n® ¥ n® ¥

Theorem2.2 [ Letqisafixed real number& |q| <1, then lim q" =0
n

. o LT
Theorem 2.3 Let x be afixed positive numbers, then rlgr; Ux=1.

[ |
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3. Infinity

¥ H B H " T
Definition 3.1 A sequence{ X,} -, tendstoinfinity asntendsto « iff " M>0, $N | N s.t. when
n>N, [x,|>M.

We can write rI\E@m X, =¥ OR X, ® ¥as n® ¥ .
¥

N.B.: (1) Thetail of thesequence X, liesoutside the openinterval (-M, M).
(2 rl‘gr; X, =¥ means the sequence divergesto infinity (i.e. the sequenceis said to be

divergent).

Definition 3.2 ' (&  Asequence {X }'_, tendsto+veinfinity asn- o ,iff "M >0, $NT N st.
n>N, X, >M denoted by Ii@grg‘xn =+¥ OR X, ® +¥ asn-o,
n
(b)  Asequence {X }¥_ tendsto-veinfinity asn—c ,iff "M >0, $NT N st.
n>N X, <-M denoted by |in X,=-¥OR X, ® -¥ asn-o.
n

N.B.: If lim x,="¥,then lim X =¥  Butconversely isnottruei.e. If lim X =¥  then x, may
n® ¥ ® ¥ ® ¥

nottendto+ve o OR/ ew .
e.g. {.1.,-(20"n,-.4.}
Ex.31: By definition, show that lim &, =¥ where a, =3t

Theorem 3.1 'Letq be afixed real number with |of >1, then lim q" =¥ . Furthermore, if q > 1, then
n

lim g" =+¥ .
n®¥q

PROOF: Let M be any given +ve number
(i) If M > 1, then the inequality

qn
P ninjg| >InM

b n>In_M

In|ci
InM

Wetake N :I_|| Then when n>N, we have
niq

=[q" >m

n

qg|(>M.

For details, read P. 283

Theorem 3.2 'If rl\!@nl X, =¥ & k isanon-zero constant (k isindependent of n) then Iiggé kx, =¥ .
n

NB.: (i If limx, = lim =+¥ , then
0] Im X, =l y,

@ im0 +yn) =+

) i+¥ if k+ve constant
(b) lim kx, =i : .
n® ¥ i-¥ if k-ve constant

© lmix,y,)=¥

() If limx,=¥ and x,* 0, "ni N, then lim = =0.
® ¥ ¥ y"

. A .1
If lim x, = 1 "nl N,then lim —=¥.
(iii) Iim x, Oand x,* 0, "n , then lim o

Read P.284 for more details!!
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4. Bounded and Unbounded Sequences

¥ . . ~ oA " _
Defintion 4.1 A sequence{ X,} ., iscaledbounded sequence iff $MT Ast. [x,|EM "n=123....
459 s, :{sin%}

Definition 4.2 { X}, isbounded above (below) iff $MT Rst. x, £(3)M "ni N andMiscaled
the upper bound (lower bound).

N.B.: the upper bound and lower bound of a sequence are not unique.

Theorem 4.1 A convergent sequence is a bounded sequence.

[

PROOF: Suppose{ x,} convergestoL (i.e. rlll('g;} X, =L)
For any given ¢ >0 (takee =1)
"e=1>0, $NT N st. |x,- U<e=1. "n>N
%, - U <1
ie -l<x,-L<1
L-1<x,<L+1 "n>N
Take M = max (||, [% |,-... [ X, |L - |L+1)), then |x,|EM . "n=123,...
Hence{ X, } isbounded.

N.B.: The converses of the above theorem need not be true.
For instances{1,-1,1,-1,1,-1,.....} itisbounded but it has no limit.

Theorem4.2 [{ X }*_ iscalled unbounded sequenceiff $MT A*, $n T N st. X, [>M .
N.B.: If rlgr; X, =¥ (OR =¥ ), thenthesequence{ x,} is unbounded. Conversely, an unbounded

sequence may not tend to infinity. For instance, the sequence {1,0,2,0,3,0...} isunbounded, but it
does not tend to infinity.

5. Propertiesof Limits of Sequences

Theorem 5.1 Y, then $NT N st. x, >y, "n> N (Important condition: only

thetail!)

Theorem 5.2 Uniqueness of Limit
The limit of aconvergent sequenceis unique.

Theorem 5.3 Principle of Sequeezing OR Sandwich Theorem

L0

If x. £y £z, " >N Thenif limx,=limz, =/
n yn n n ® ¥ n n® ¥ n
limy, =/
Then o Yn .
PROOF:
Let £ beany given +ve number. For this € ,thereisapositiveinteger N,,s.t.

a-e<x,<ate, " >N;.... (D

a-e<z <ate, " >N,..... (2
Take Ng=max (N,N;,N,)thenn> N,.
Inequality (1), (2) & x, £y, £ z, al hold simultaneously.

Hence a-e<x, £y, £z ,<a+e, "n>Nj.
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ly.-d<e, "n>N,.

imy, =a
n® ¥
N.B.: The Squeezing principle isavery useful tool for evaluation of the limit of a given sequence.
) , - : 1 1 1
Ex.5.1:  Findthelimit of (a) I|m(—2+ > oo + 2)
®¥ n° (n+1) (2n)
._sinn
(b) Provethat lim ——=0
ne¥ n

Ex.5.2: Let a be areal number >1. Provethat lim LU 0
n® ¥ an

Ex.5.3: Findthe lim %n
n® ¥

6. Operationsof Limit of Sequences

i =/ i =/
Theorem 6.1 I rlll(rg;é % =t ,L'(,Ql Yn = £, then
@ Ii®n;(xn ty,) =l %L,
n

) !1‘@5?4 (XaYn) =€ %,

i X_n—ﬁ 1 1
3 lI1|®n1(yn) . for (,20& y,*0

4 lim kx, = k lim x,, = k¢, wherek is a constant
() o Y X"I ey n 1
(B) If |x,| isconvergent, then lim |x,|=],|
n® ¥

N.B.: Theconverseisnot true!!

rI1iq£r:€|xn|:|él| not b rIqufgéxn:El
eg. Iim| -n"

g n®¥( )

To apply (1) to (5), you must first check the limit of each term exists.

does not exist.

- H _ n
=1 but L|®rr:é|( 1)

2
Ex.61 Find lim—"-"*2
n®¥ 3n% + 2n+ 4

Theorem 6.2 .Let {0 X, D3 x, 9}, bem convergent sequences.
Wheremis afixed +veinteger & let lim xn(k) =0y
n® ¥

g (k) g (k) g

i) lim = lim =

M limia x"“r=allimx*1=a ¢
k=1 k=1 k=1
m m m

i ; (K)y — ; (k) —

i) lim{P x =P[ limx =P

(i) n®¥{k:l n ) k:1[ ne¥ ] k=1

!

Theorem 6.3 If { x,} isbounded& limy, =0 then lim(x,y,)=0
n® ¥ n® ¥

(_ n
e.g. Find lim
¥ n
Theorem 6.4 i i =¥ i + =¥
If { X,} isbounded & lgr; A , then ,I]!@”;(Xn i)

eg. Find lim(n+snn
g n®¥( )
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3

n
)
Vn?+1

e.g. Findthelimitof (a) rI1£@r‘r:‘(sinn+

1 1 1
(o) Imn+(-D"(—+—+ureee. .. ]
n® ¥ 13 35 (2n- 1)(2n+1)
7.  Some worked examples:
Ex. 7.1 Show that the limit value lim (l- g+E i+ ....... + (- 1)”'12) does not exist.
n®¥' N N n n n

n

. a <A
Ex.7.2. (1) Provethat lim—=0 "al A
¥ nl
1

(2) Provethat for any +vereal numbersa & b, rIg@rrgé[(an + b)F -1=0

(3 Findthe fim (—+—1+.+—
n®¥ n°  (n+2) (2n)

1 1 1
(4) Find lim( ... + )
¥ fn+1l n+2 n+n
2

PN 1 A
Ex.7.3: Let AT A" and{ a"} beasequenceof real numberssit. a, % A & a,, =E(a” +a—) forn>

n

1
PO 1
(@ Showthat a,3 A "nl A", henceshow that a, 3 A£E(a"'1_ A)

(b) Find lim a".
n® ¥

N 6a,’ +6
Ex.7.4.  Asequence{ a,} isdefinedby a, =4and a,,, :a"z— for n31.
a,” +11
(@ Prove, by induction, that a, >3, "nl A
. a1-3 9
(b) Show that for any +ve integersn, —21— < —
a,-3 10
Find lim a,.
(c) Find lim a,
Xp + X

Ex.7.5: A sequence{ X} of real numbersisdefined by X, = T"l forn> 1.

1
(@ Showthatforn>1, X,- X, 1= (- E)” Y% - %) -
b) Find lima,.
() Fnd Im a,
Ex.7.6.  Thesequence {X,}isdefinedby x,, =x,°- 2x,+2 for n31.

(@ Show that X, - 1=(x - 12" for n31.
(b) Find the value of l(l@h; X, for the following cases:

@i 1<x,<2
(i) x=2
@iy x >2.

Ex.7.7: Find two diverging sequences {x} & {y,}s.t.
(@ {x,+xy,} isconvergent;

(b  {X,Y,} isconvergent.
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8. Monotonic Sequences

Definition 8.1 '{xn}?f:l issaid to be
() Monotonicincressingiff x.,; 3 X, "n=123....

(strictly increasing iff x,;
(i) Monotonic decreasing iff x

> xn)
i EX, " N=123...
(strictly decreasing iff  x.., <X,)

(iii)  Monotoniciff (i) OR (ii). "'n=123...
Theorem 8.1 '(a) {x,} ., ismonotonic increasing & bounded above (unbounded P Ii®n; X, =t+¥) b
n
has limit.

(b)  {x,} ., ismonotonic decreasing & bounded below (unbounded P rI}l(Q;( X, =-¥)P

has limit.
Ex. 8.1:

Let a be apositivereal number. A sequence {y,.} isdefinedby vy, = J2 and VYn =2+ Y, ,forn>1
(a) Show that {y,}is monotonic increasing;
(b) Show that {y,} isbounded from above;

(c) Find Ir!gl Y, .

Ex. 8.2:

+
Leta and b be 2 real numberss.t.a> b > 0. Two sequences {a,} and {b } aredefined by a, :an'l—zbn'l

+
by =3 sbpr forn>18 a, =221 b =ab.
(a) Provethat {a,}is monotonic decreasing. Hence deduce that {b,} is monotonic increasing.
P hat lima, = limb,.
(b) Prove that n®¥an b,

n® ¥
Classwork Ex.:
(1) Let {a,} beasequenceisdefinedby a, =1 & a, :aa”'l forn > 1, show that {a,} isconvergent &
n-1+1

find its limit.
2) A isdefined b —1+1+1+ +1f 31
(20 A sequence {x,}isdefined by x, = ? 3—2 ...... n_2 or n

. 1 1
(@) By using theresult — £ "n>1,
nZ n(n-1)

Show that {x_} is bounded from above.
(b) Show that {x,} isconvergent.
@ lim (2 +-2"

m®¥ N 4n-1)
@ lim(W/n+1-+n)

2

® o
(6) ILi@rr:‘(n—12+n£2+...+n_nz)

. (3n+1)(2n?- 3)(2- n)
@ lim 11
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® tim el 1oL
e ¥ n n

© lim@n+1-¥n)

n n
10) lim 23
ney 2" _ 3n
n n
@ lim—2—+ 2D
ne¥ né. 2 on .
elel, L3
: 2 2 2
12) |
2 lm—7 1
I+=+—+.. +—
3 3 3"
(13 Iim[i+i+ ....... P
ne¥ 12 23 n(n+1)
19 i@t )
n® ¥ ka:'11+2+ +k

9. Animportant limit: The number e
Prove: The sequence a, = (1+l) " ismonotonic increasing & bounded above by 3 & henceitis
n

convergent.

Definition 9.1 'Thelimit of the sequence {a} Ii@grl(1+%)" = e (exponential number).
n

: 1 8 1tk d 1. .
i.e. Asn-ooo  then(1+=)" =1+ a_{—I P1--)}®1+Qq (—|) , it suggests that
n r'k=0 n rl
r=1 r=l

=2.71828....
Worked examples:
1. Show that (i) Iim(1+£)xn =g
n® ¥ n
(i) lim@+)" =e
n® ¥ n

2. Evauate the following limits:

) . 1
lim@+—)"
0 lmas—)
. . n .n
O iy
2
. n° +1 241
(i lim (=)
3. Provethefollowings:
@) n<@H" n>1
2

.. N n N n
(i) (E) <n!<e(E)

. . .ooonb
(b) Using (ii) prove that i('@an =0
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